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Research Advances in Reconstruction Methods Based on Information
Degree-of-Freedom Sampling

LIN Jie, SHI Guang-ming, DONG Wei-sheng

(School of Electronic Engineering , Xidian University , Xi* an , Shaanxi 710071, China)
Abstract:  As is well known, the limited ability of data acquisition and the high-resolution reconstruction (required by many
applications) is an inherent contradiction in modern signal processing. How to reconstruct the signal with high-resolution from a lim-
ited number of data is one unsettled problem in the research areas of signal processing, communications, applied mathematics etc. By
reviewing the achievements of data acquisition approaches by incomplete sampling and high-resolution reconstruction, an optimiza-
tion framework for signal reconstruction based on degree-of-freedom of information is abstracted. There are three key aspects in this
framework, the degree of freedom of the signal information directly influences the sampling rate, the constraints are determined by
the sampling method and the object function is decided by the feature of signal. This paper focuses on the effectiveness of the means
used to analyze these data acquisition approaches and the discussion of their advantages and disadvantages. In the end, we propose
the research prospect of data acquisition by the incomplete sampling and high-resolution reconstruction and show our new research

and result.
Key words:  degree of freedom of information; incomplete sampling; high-resolution reconstruction by optimization; com-

pressed sensing; low-rank matrix completion
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A A UE P A% 77 125 n] RS i A (5 5 . Vetterli 55 A 32
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FEGR AR 14 1, (0< p < DFRBAE S, R
RE A0 4 Al [ At 47110~ 130 s R O AR 4% G R
FEE PG B 15 5 AE AR R IUAR , MG 5 70 i s
Tyt IR R K 2 R TU A, 3R T R A X
V2 A Wk 46 80 R A 80 0 £f BE, i 40 JPEG,
JPEG2000 . 45 J8 i1 v X6 7 i 5 5 19 SR Ay 202 B AL
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(D)5 %A% €S1-CS3

Donoho #5 H} , AN -4 B4 A i /£ CS1-CS3 4514, ) &
B 15 BR AR 7 1 kL BA fB — T €S-
CS3 %P3 SRR A ARIE AL bR E T i1, -, nl
FE AR RE A, V, o A, 528 ). an R
| 1] < pm/logn (p >0 R HEE), DCSI &4 A, B/
ZFEKRT 0. QCS2 &1 %F v, h i E— & v, il
Blvli=nv/mlvl,, p>0.@CS3 &4 45 v, FidgE—
ANt v, A SRR Y = Ara A 9FER
Vel = Ap, W all > b, 2450 F o 4E 5 2%
K, RERFEAIE M) S8, W L CS1-CS3 454 1 4 P 2
30 7 A L — BRI, S B A A AN A AR
ROV HE BRI AL CS1-CS3 454 M7 AE H 5o > 0,
BETHIRBE K< om/logn, WAL 5K A (1) ) 45 AT A
R VL H W = x @,
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W & By RIP P AR BEAL L £ 31 (> F
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k), 383 2 ] LI 52 2 A A Y RIP PR 2
SRAgE (1)) ) RBP4 81 5 1 7 0 AR 0 B2 45, W5 2
RIP 1 R IR R 1 B e e Mk R ek A R 1Y)
RIP P4 B AT LIE i JL 75 | B8R #6473 W20 {H 2 RIP
B 5

Candes TEH T HBEA FEIH L (2 V2 - 1), SR A (1))
I RER BT 1) b-F i (5 57 AR i 5 5K R
SR A (S R P A RIP P S 1 R B8 1 A e i Be
{RES 4 TF 38 VS it 38 & (OMP) (& + 1, 1/3 V&)™), 1
AEIE 22 VT it 38 B3 (ROMP) (2k,0.06/+ Togh )12, 1 45 J8%
JHIDC LA B (CoSaMP) (24,0.025) 8% (4k,0.1), F=3
i) 36 55 (SP) (3k,0.165) 2%
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(1) k-2B37 (neighborly ) 4 &

EXPY i A=[a,,a,],a,E€ R, ZHHlk P
JE2n (£ @) 78 R™ A B AN AL QN2 20 AN 5 H
BBk + 1A SHEE PR — AT WFR P vk
OXSFRI, - BA k- 2B

Donoho | I FM2E 434 T 22 1hi A4 14 1 A9 Hi it 280t
e SR I PR 2R A 1 0 2 4B R T TR 4 R ERE H g L
JrRELELAR BT L A X B 2 TR AR P HAT
EARAEVERR, pr 1 BR(fx € R, | xll, <11 &0t A #
RGeS 0] 5, 4ERE R 0,1, -+, k BT (4EJE A 0 /Y 1
RPTO0A, 46 1 R T BB , - ) OB I AR R AN A T
20 B 1 BRI TH B 20 A B8 5 ORI
D R AKAR (L) [T LIRS B KR 1, (s 5.
DU, UL AR R A XTI Z 1A P AT k-SRI T, R
FRAE (L) M RE SR ZAT B k-FR B 1915 5, R Z IR
SR BRIZ AR (1) F0 (1) TR] R A5 A 1) 70 G o B 45 A
Gaussian 73705 19 55 48 1) ™40 B A k-@ﬁﬁ‘@ﬁmﬂ , R
Gaussian J [ H 50 VE A WL 46 14 .

(2) %73 a4 it

(1y) M) Ry fige 23 1) Rl S 25 ) { e Ax = b} =[x
+v:vENull(A) |, BEZs [ 1) JERcR/ N 1) el 2 A
P, PR, 2 (1) Tr) BB G i 1) 7 23 b B 45 1 Ky
[x® 4 vli> 1x@], vv€Nall(A) \ {0]. 72t S A
_F, Yin FI Zhang #E Sy V(1) A1 EE— 7 (4 7843 4%
PP X% vENuI(A) \ {0}

VTT, <nin{ £ 1211 s)
HESM RSB, x W = x O SR [35 )45 R —
Nn - m) 4R T EES S, AT Vi,
C S, LIRS
Il cim
V1= /15 TogCn/m)

Ve Vim )\ ol (6)

Hrp, ¢ R EE, 5YERE JC K. Gaussian [ A MAEA
TRBL p 4TS 18] DA ME R e =X (6), Ul v, =
Null(A),p = n - m, UN5% H x® HO < % T+ loe( n/m) +10g’?n/m) ,
x O AT MR (7, ) I A0 ) M — i, tho S (1) A 1 .
ZEIS IR REIE FH T Bernoulli 254 , 35340 1F 32 HH I .

T[] 14 ) 2 M BT, A 19 SCHR PR 2 O 2 5 [A] 1Y Bk
DIPE T30 g 0 S PO 24 4 1) £ V12 i) ORI 4 o
223 [0]) L) — A B ALER 15 3 0 U 1 3 R0 — 3K
T AR AL UITE - 1) AN HAA W v BT, X R,
XM AE 5 BT, A A5 5 150 B H B 4R
W R &3 [l v FE X R DL T A K A 19 AT RE.
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T WM FEICE IR N(0,1) 53, % 1T
H(n,m,k),0=m/n,p= k/m,n=ny(ng &%) .
FAINBE L m> k/p(6,C)(1-R(e,m,n)) ",
HA¥ R(e,m,n): :2[m_110g(4(n +2)87¢) V2, Ul figt
(L) 8] INWRIE k-5 5 AR (1 - e).

% PR T‘*ﬁ’ﬁ(phase transition ) PR 4% p(@, c")
RBEBARRELEE b IECE m R MG S4EE n 5K
IR ZAF 5 IR (1 - e ) ZHIMR R, & 1 R . %
P25 7SR A (1) 8 R A5 5 (R 7 it 20 21) FE
Ho (LI 22 i K AR 505029 0.1,0.5,0.9
BF AR A AS PR, FL 5 SO B P9 (my n, k) GRS
PNEAERR (S = m/n, o= k/m) TER—HER AL T 5, W]
KA (1)) I ERE LR R R A5 5 FE it ez EIUEAR
AE . AHAZ BB — A 48 AR TG il 2« 51— & Wi
AT, AT iy 2 o A B Y DA — K 2 A
JUT it S UL A5 i . A A R RSO 38 2o K A S 5 R
530 B, ARHE I 25 E R HE

1

— 0.1 0
ul) s 0.5 _A.90
o —0.9
07| —WEE )
z .90
\E 06| ’ 850
72. 0.5F
04}
0
0.3 ¢
0.2}F
0.1

0 L . L L . . . L .
0O 01 02 03 04 05 06 07 08 09 1
6=m/n

Bl SCHR[371F BAH 3R i 3

2.2.4 B

IR AT 3T T MAS TR AR B 25 T A K A
(L) [ R E A A5 5 B, 5 A 75 2 R &5k —
DT, B3R A A 5 v R % OCHR Y, CS1 L RIP S5 F K &
Xof S R AR AR P 249 3R 5 CS1-CS3 4552223 ) P R AR
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IR0 BRI TR A FE A R A BRYD M I 5 A4
TR RN B 81 (AR S ™ 2 B I R 114, XL
VERIARAE T 280 o<V n/(2k = 1), b A 2 Tk P BA
k_@ﬁﬁﬁ;ﬁm .

Fi— 7 XS A B A E— AN . H O,
HAR RIP S8 SCRR )32 A T B 4 S e, H
J& RIP 25 UE B “ R A 477, 78 SCik [38 ]+, AR & 1IE
T A AE SRR O R0 < RIS & 1 RIP K 6, JOBR #2230
VA2 A - F G B 1) A R 3 SR gt (1) ) U T Ay
HWR FETHERE R 40T 7 80 BB T R AEAE A Ak 1, 4o
CS1.RIP 5% UUP, 3% 45 1158 54 >k T &5k 4 i H2Y
FERE AT — BT T AR b = Ax— Gb = GAx, %F 3K
iR A B R U 7 2 T 2 AN AR B9 (H 2 3 T S B A 43 B
SERLHN S R A AR, 0 RIP R M, 53R T AR R 1 2y
M Al b, 6T 45 18] B 40 B 2 S Ae e , I FLAE
W e B s B B MRl A 200 M b a4
TE L MRYE k- ABAT T I HE S 0w YR B A S R KRR
FEBLLE RIP Z5 125 Hh A (00 K (H 2 A-4B 3 1 i HidE
FHF IO 1 1, FRgi (5 5 1 1, e/ MR & 55800 ¥,
RIP A ARE 4301 1,(0< p < 1) /MBS 90288
L, DR 1L, (0< p< )RR S &GS IKE &
2, T A OR, RIP 4544 11 20 BT J7 35 4T 88 S JE T B
oA,

3 RBEENEEREENTIE

CRLEREN m x n BN r YA, H B h B2
r(m+n—r) MEFHERE, HT r<min(m,n),f r(m
+n—r)<mn, BB FE AR At BERE A hEaRE
AT AL B A2 AT RE Y, 32 )RR A AT Ak R I S 7 ) A
[R] R YR T AL 2 2T 35 il B8 L #4640, an
FEHIES TR T R G R R AR B
AP, PRIk 3 0 05 10 R P PR R A /N R A (IR A
MEIE FE () B2 S R A, B TR RO AR I 1Y, 7R
IR eR R I /b Z I, 32 100 80 1 SR A 0 02 Al 8 TR
g0 3Bk i X € R | X | < 1 PURIERE , % 6
BOR BRI A, J Bk A fo e (e 55 i 7 A R e
ZIVPR P R T PR 3 3 of SRR g 0 AR AR BURE AR
J5 AN i D R e R o L 7 [ 3 oAy W o 475 S
k%M (affine rank minimization, ARM ) [0] 85 1 14 12 78,
(matrix completion, MC) [n] 85, JS 45 4B 1] % A% ol B0 />
AT DR A AR B TR AR, BUA SCER XX
AR 53 05 A AR R AT
3.1 ARM [G#

3.1.1 ARM [aE &4y
TE A7 S Rk i /DN Ak TR) R v O R A ) R B i

X SRR AT O St A8 4G, ) 2R o

min rank( X) s.t. A(X)=b (7)
Hp xe R A R "> R RS, pe R,
(D H LR TTFEAL AL A vex (X) = b, vee (X)) F2: B4 [
X ByF i E A R A 10 &, A R4ERE N p x mn
PR B . S 0L P 4 B R 3, 1 5 Bk e /M T gt v
2 pcmn, T R I SR A 3] 118 L0 S o) ARG B A [
BFFEAT T “SRAE” AN He 4. 3 o 5K A% bR B0 /b 7]
=i

mm“X”* s.t. A(X)=b (8)

TSR A e ) (7). A7 S Bk S /R TR R 25 5 R
AKG 50 R P B 1 PR R AT - RO s AR A2
¥ Recht 25 N LOSIEI] 1 4 SRk (7) F e B g 7 A9 4
A BTG SR M N TP Bl AL 43 A1 1), U0 Gaussian 43471, AR
2SI 2 p= Cr(m + n)log(mn) (C ZIEH
BOWE, MR LERE R m x n TN r B9FEFEHER AT LA
% R B/ N T 1k DA 8 B 3 i Bl R A2 . O K A
BT b2 AR R B B UE Y, TRV 2 0SSR )
MMEEAE 2r(m + n— 1) ~4r(m + n - r)ELRERE LZD
PR IZARRR A
3.1.2 ARM BEHEEEMHRES A iE

ST S Ak e /N Ak 0] A5 40 R D i) A 1) A R
P, W [ 23 B 5 2 AR AL . R T IR ATAILA
AN £ B 26 A% R B /AR T 125 SR ik 5 ik ok e /N )
) AT AT

(1) F&TFHEFE 1 70 Hr—RIP 23 #r

Recht 55 N 13 412 s 457 SRS RIAE 2 Hp 23 B 1] ek e )
RIP VBT 4) Ji 21 6] 26 [ 5 1 53 B, 56 18 T 4% R 8URe />
A5 SR AT S A e/ A Tl R BRI B

EXO A R R R AW R 2 — ek 19
B m<n), W r=1,,m, -RIP ¥ E X K
NI O, A RR/INT ST r AR I 2

(-l xlr<lal,<+olxly (9
;E\:EF' s ” : H F "N Frobenius ﬁi%&,lﬂj‘?( r, 3,) R Z A
HIFERE X, /&) LY stiefel 3B YERE mx n BN -
(r<min(m, n) ) FEFERE LY 25 18]35 /2 RIP M BT iy 4 1
WS, DRAE T BT A BN T8 T r IFERE , B 5 # AN 2
VE N (B HET ) W S o 1 2523 1) )

WS I RIP P4 B A% oK 85U/ O v SR A ARk
FR3E T ) R RS 78 0 25 . 24 p=Cr(m+ n)log(mn)Hf,
FEAILAE B (TN Gaussian %5 [, Bernoulli %5 [ ) DA = 0 2R 15
A RIP Z& AR S AR B 2 RIP 251K (57, 1/10) , %

o AR A BT R BOR 21, 5 X A = 1, =
Vnmax|a, @) a; JRE A, ST |ai],=1.
i#]
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BRI /N ) 1 8l 2 05 5 2k e /0 Ak I A o
LI A E MR S B, RIP 25 1R R 550 JE (3, 1/443) 1%
BEEWHRTFE (4r V2 = 1)) 35 1 T 35R @A 55 7k
sG] R LAt B 3, RS A AT AR 22 2 3 T A AR
Pty RIP P 5, 40 6 B4 38 3T 19 193 i 77 125 (ADMERA )
(4r,0.04)" 7R Bl 3% 22 3% Q007 ¥ (FPCA) (3r, 1/
V/30) ) F S O (SVP) (2r,1/3) 440,
(2) T2 A B ——3R U it
EXYS Weg AR >R, m<n, MR Y ZE
Null(A) \ {0}, /&
lzl./1z],=vVA (10)
JUIFR Null(A) T S S50 A BRYIVERR . AR E R iy
JEFE Null(A) HOAS 5 B 51/ B 6 B A 55, 8 E—
UG, TR R B 2 23 [a) R S R S TG VR X 0 1, T
BB AN S 4% 5 B F 25 (), SRR A SE A Y 7]
fiE. AR Null(A) W 2 A BRYIMER, H rank (X,) < A2,
Xo520, 0] X J2 Bk e /N T) 2800 ME — fit 5 E — 25, A 4R
rank( X,) < A6, X, S A% PR B i /b 1) 780 A M — .
SRV, Null(A) W 2 A BRUTME T, 2450 P 0 Bk L s/
B, 2% R SR /DM ) S0 RD B e /N T A2 S A 1Y
3 Geitarth ik AHAR REL
Recht 25 A\ 1 %8 52 56 40040 9015 48 1120 A, W2 5]
65 FHAZ RS B /N A T 1 3K A Bk e /DN Ak T) 8T s (ke S5 4
P& Gaussian K 1 ) , 25002 [A] (R AL B J& KORFER p/
mn AR r(mo+ o= r)/p) B9 SHEZE” BB PR
T HEL 1A A A BRESCRI R 208 2% 0 Hp 1A A A R EROBE & o8 e —
X S B e /M Ta) B, R AR bR RIS B H A Sk B i 1
AR, [ R B 5 0] 1) 48 FE A FH G B9 4 . 7
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WY 2 B0 A FE AN W 5 1 . A AR BRI 1 5 5 R RN B
Ve &5 RAE S By i N H a] LUAR G5 19 48 S A B B 1Y
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3.2 MC g
3.2.1 MC @&
HE R T ] S T U
min rank(X) s.t. Po(X)=Pyo(M) (11)
Hbh o B2OMMITRES, IJFHEE Q 2R
B, Po: R "— R " WA 1.
X;, it (i,j)EQ
[ Pa(X0] = Y e
R A S 7 1 LR [ L 5 35 44 11 Neflix [R]85 - B> F P
VE R —AT , B SEAE  —3 B P s R

X HL RS A P O3, SRS AR © A 1A 52 B A B
W Y 4 bl 2 A BRI . A R R R AR R 1), T D 5
Wil —S P e 1 R HA AR By LA LT
SRR/ M TR] AL, R I S0 5 ) 8L () A T L2 T A o K
TR /MR SR fife -
min| X| . st Po(X)=Py(M)  (13)

3.2.2 MCREHREERRETHESTAE

TRV I AL 7 ) A8 A 477 55 8k e/ N ) R E AR A
IR (EPSI I (2 AP UM PO RS EUSKiiil I SR S AU
D3 AR Ut 1 R 57, DR 1 [ 8 194 0 B 5 vk R
AR — R, B B 7T [ el e, AL 5 T A
A, SRAFTERR 1 AERE I M = ee)', e, ARIERLIE
B BV A AR TR BRAEMI R 7 M
AR TR, A0 M b€ J& T W 5 - i) % 45 (], 22
PRIZFERE M OJEASATRERY . PR, A6l T ARM [ 1 43
BT, MC TR Fppi 52 5805 3 B 35 2825 K 02 5 1
FAAT SR AT S ) o 1) SO 00X R o P A 5 ) L B s
(] (AR TP AT 24 0, A0 JEUARL 2 B SR I 1) 77 S 1]
SRR R A TR v S B Y A e (A
fifk AR 0 (L0 O 0 T SR AR TR R Y £
EiEL 20y N N U T P B VR S R (e B B ]
AT 0BT MC [l R SR AR S AL TR O iR
BT R B 2 AR R e
JEREIS A k00 RNAR S TSRO Oy ik, A
S8 B T MY, SET ( Subspace Evolution and Trans-
fer)[m , OptSpace %:‘72[52] R ADMiIRA® . =
AT W2 B, — 2R R T eR B M 1Y
IR T 5 o5 — 28 R AR B TE B /MBI OptSpace

() ¥ e Eids/ME

Candes 55 NAESCHR[49 ] P 5 IA T4 M ESAA T
PR X M = UZVY, ] Py = UUY, Py = VY53
Je U,V ERIESSHY,

Eixn” Pe; ”2,121?3”“ Pe; HzSM ;r#o; (14)

fovt], . <tr,

U R AR MO IR e, oy HB EE /N (O (1) 5L
O(logn) ), W M JZASKH 50 [ . 0t 2 25 — A~ S A
W, AT 23 (R RN B 25 [A)AS 2 % A WL 350 1 22 5 ()
AR T A AT AT R ) ] A G X AN
AR, G e || = Cm5/4logn A}, % PR
B/ MU TT IR AT DL R K S R R 2R r< 0, 0
MBETEWL | Q| = Cm™logn. 534, Candes A\ X
FIAT A TSN 0,0 BIERIE W 1<
a,a ,b,b'<nifid
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[ 23R ey = oy NP R 2500 S BEDLIE AR ™ ARk
SR , #5005 A2 SRS TR (B8 g2, = 0(Vlogn)) , 24
MBI L | Q| = Culnr (logn)®, W% bR B U /IME 7
AT DA RS A IR IR S TR R r LR

(2) OptSpace H.7%

OptSpace 5.3 T B ALHE = A~ B (Projection) ,
& 57 (Trimming) , “F- 7 ( Cleaning) . 1% & 15 1 S WK 5 A% 7k
FEFE MO T LA R S50 H N %8« = 61/0, (o
FE i AN AEF A D) , AT S (X (14)) F1 TS —
ANSEL . T gy B8 SR T X /N

.
O‘.

H 2 _l"iv? ir
i=1 Gr

< (16)

Foe=1,0 gy = gy UL BT L | Q] = Crc®max
(prlogn, ;°r*«*, p3r°k*) , OptSpace H. 1 fig % /55 A 25 1)
PRIZHERE M) 2 55 i B/, L) i R 32
W | 2] = Curmax(logn, r).
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