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A Fast Algorithm for Hyperspectral Unmixing Based on
Constrained Nonnegative Matrix Factorization
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Abstract:  Constrained nonnegative matrix factorization was an excellent method for hyperspectral unmixing. The traditional
algorithm of this method was based on projected gradient method, and its convergence rate, accuracy and stability needed to be im-
proved. To this end, we considered the excellent minimum volume constraint, and proposed a fast algorithm for hyperspectral unmix-
ing based on constrained nonnegative matrix factorization. First the minimum volume constrained model of the original problem was
optimized, then an alternating direction method of multipliers was used to solve the non-convex constrained nonnegative matrix fac-
torization, and at last we modified the iteration steps by singular value decomposition. Experimental results on simulated and real hy-
perspectral data demonstrate the superiority of the proposed algorithm.

Key words: nonnegative matrix factorization( NMF) ; alternating direction method of multipliers; linear spectral unmixing;

minimum volume constraint

1 8| 2 6 1 1R A A Y (Linear Spectral Mixing Model ,
TLSMM) S 5 38 e 8 o PR A A 70 -4 LB e MR G

Bl s RO (9 A Je W e IR AL 0T DU FE m] i on SR T LSMM A 25 6 AR 1R 0 T LA
O e Y 005 AR B 2 R R OEHNE Bk, SR Ty A SR T B Y O 2
ST U] WG BN ZLA OB LA F AP HOESE s i85 0 sk A (R 1% v 17 7 0 45 3 B8 388 T 14 4l
3 B b AR — Y () 4 SHE Ll % TG % “G oo, in N-FINDR'®' BR34BT (Vertex Component
AR R AR A S ZREE , ROETEE AR RARIEIR  Analysis, VCA) ). 1 FAG T IR )7 T2 A 1B 42
LB DAL & SRR (e ) XBPR MR G S, BRI T 8 Al ot i B 46 . A 4
BIC ARG BITHAEEA OGN T BRI 2850 (25T v v IR T 3% 58 A, f e /A FR B 4l T 40 b
JHEGXERE , 1] ELBHAS T 38 809 E Ak & R . el i ot (Minimum Volume Simplex Analysis, MVSA) [7] GETFr e
MR TARIR SRR P50 0 3 e oeal O EE PRk B H A0 2209 % 5] ( Simplex Identification via Split
B RE(FE R, @O G E /b ) — Augmented Lagrangian, SISAL) ") 5o/ AR 24 5 (1 3 17 46
A EEF %i%i@m . 443 f# ( Minimum Volume Constrained NMF, MVCNMF) 4]

Wik H #1:2012-03-05; & 71 H 1 :2012-05-18
BTUH : [E K A RFHEHE S (No. 61101194, No. 61071146) ; TLIRAE H AR 54 (No. BK20110224) 5 YL #5418 4 J5 BHIF £ 43 (No. 0901008B) 5 H1 [
iR E AR TAEI H (No. 1212011120227)



3 M

XL BT 2 AR SR I 0 A 1) R G R R R DR 3 433

1 D9 AR 2l A5 ST AR B 7 ¥k 19— Bl AR 5058 B ) i
(Nonnegative Matrix Factorization, NMF) [4,9] [l LA e B B
th 3 70 S HE T I A = B AR B, AR R TE R DOG IS TR
3 TR NMF bR B, R AR K
JryEB A , T B TGS Y ) 24 RO S R % 55 A5 . Miao A1
Qi $2H T MVCNMF™!, &3 i 55 /M b LAt IG5 3% Ay T
I JSG R BE (A AR f HS T R 2 3 B4 2=, AT
FEl HL S 45 5L MVONMF SR JH 9 2 28 2 48058 6 i 0k
(Projected Gradient method, PG )M, i S0 B 1 , H.3k
TR BE AN 8 . TR AR SR ™, HLR P 9 2
Fro I 2, BB BE AN R 4, S I T B AN R E
PRy T4 i AR ) SR AN B IR 1, AR SCHR
TP T A S 7R 0 R ) o D T T AR TR
SR A5 1 e MABR 2 OB RY Ul 2 X B
A EPERSEI 5 SR 5 BT JE T 388 Uy [l e ¥ 125 (Alter-
nating Direction Method of Multipliers, ADMM)[“‘12i By AE Y
TZI P NMF 3 i Ja TEAS SO A 25 R HTEE T
K AT S8 0 % 10 7 2 b 3R 25 BR R 1T 4R 15 B 0

e
2 ERINR

2.1 ZMERiEREEE (LSMM)
LSMM AJ 7R Ky
X=AS+N (1)
K(DH XERFRmIEEEG, i x; 1, € R
R EAMGR RN G N, Forf Lo BRI
BEENBGAERFIR G, A0 i {a; L, ER" Ny
B B0 L A O 1 e 1, b T S s oe 4G S €
R©FRIRFFERBUE IS, i {51, € R B30T
X E () B BB N € R 8 22 50 [ . AR i it oC
FE P B S, S e A0 A2 AR R 2 T, S R A R
Fh — 2y FREE L 2 R
A>0,5>0,1},8=17, (2)
K > FRMAAERX(A =0 KRG ¢;=0,V 1=
1,2, L,j=1,2,,]),1,,ER HFEIGE LN 1.
2.2 RUHIR/MEFRARIER
FEOEIE IR ) B AR 2 AECA X SO0 oK g A Fi
S, AT L /MR R 2 H A Rk

. 1 2
gl}gf(A,S)—z | X-AS|% (3)

Kig 2 wefg, Hod || - || 7R Frobenius Y850, 1 T
X, A fil S #REAEGUEM, R (3) 5 NMFY 4. K (3 H
B eR B T A7 AR R R AR T v % B
MVCNMEF“5 AT e/ MAF 2 s 01

de?(Z) = det?(C + BU'(A - u1?)) (4)

Hoh det FREFEMATHIR, HEFE UER>V-VEIR X
255 PCA RS HIET J - 1 DR, Sl p ERE
7~ X HIHE,

cz[ 1. ],B:[Oj_l’l] (5)
0]71,1 IJfl

H(5)d 0, ERVVI KT E L HE I, €
RY-DXU=DZoR J— 1 BBy o pr 46 B . it T30 (4) B3
B2 R AR AL s e K, SRy 17 ik 559 L 0T B 3 A e 1k 1)
FEM AR SR FAAG A Y R £

J(A) =log(ldet(Z)1) (6)
e (6) 1, FeMI151 A log KUK I 2% det BR KL 1 58
AR B AT LATEANMCAS det BRESCER 4 1) [) BF, 48 e B ik
flRa 2 P B LSMM ATt (6) 51 A NMF, FR i 1452 4 T
T B Fe /IMAR B AR Y

min /(A S) =% | X-AS 2%+ Alog(Idet(Z) 1)

s.t. A>0,8>0,17,85=17, (7)
HpZH 2 >0.
3 HitmiiR
3.1 ZEFREEFE

IR TR
min f,(X) + f2(WK) (8)

Hr R " >R, fo: R*">R, WER " WE ¥l
SRR f15 /2 P TE# B ek, W81 (e, X, d) 15
HELATR 32 U 2l g 1)

X, 1= arg ménfl(X)‘l"% H ¥YX-x -d, HZF

X, = arg mrirlfz(x) + ‘% | wx,,, -x-4d, |3
d. =d-(¥YX,,, -x,,)
Hr n>0.
3.2 AXPREEE

BT (6) A, B A RGBT A S, T
TR T B eRBGE I 0 J5 vk, BARSEL gk 1 fr
1.

BE 1 AR T2 A U S

$E,1 BLE k=0, c>0,a€ (0,1, HIAL Ags

F]2 B (DS = (AL S

BT HEAN BT E 6= UB"(Z7)T;

PBa FH J(A)=<G,A-4,> +(z2) | A- 4 |5, Kfgk
(DIFEN(Ayr15Sk41)s

PE’S ﬁu/rllf(Aml’Skn) >f/wi§ Apoi=adp o+ (1-a)AL H
2 f(Apars See) < fis

PIR6  WURWE A A, AR
BB, 4 k=k+ 1, kR 2.




434 CI S T 2013 4§
Bk, <, > RN 5 BT OIEH FR s'th= (8 - dy), (15)
BREE A2 ETE T G s (7)), HAE o At = W,F, (16)
LR AT 5 atl=(A — ), (17)

(Akérl’skﬂ)6
D T
arg alg? | X - AS H21?+€+(A)+Z+(S)

+A(<G,A-A,> +§\|A—Ak %)

9)
Hd v, FaRRERE (Y x>0,7¢,(x)=0;x<0,7,
(x)=),
X1 [ A
Xz[aﬂ,l] ’Az[aﬂ,l] (10)

AA0)H 8 >0 = F B R BN — AR KN FeATa]
PICR A ADMM SR A (9) , BRI R iy 2 g,

Eik2 T ADMM A4 24 T 67 46 I 0
BB, BB =0, g, 5> 0, 0IHR (S0, 5°,d%) . (A%, 6%, d%);

W2 ORI S =argmin | X-AS [ G+ s -5 -asl}

3 kiR s’”:argminé+(s)+% s+t —s—di| %
s

.H»ﬁ d';l - dg_ (Sr+l _ s[+l):

1 2
A= argmin o || X - ASP G T A-al - di ]G

& & S
B W
[T I N

+2(<G,A-A,> +%HA_AL~HZF)

S8 6 *ﬁﬁ’:a’*lzargnﬁné+(a)+%HAHI—a—dIAHZF;
._,Iﬁ_q%7 i+;/§rd’4+l:dii—(At+l—at+l>;
WS W RIS AR

W, e=1+ 1, R LR 2.

TEE 2 A 2
| X-AS [ 5= | vee(X) - (L,@A)vec(S) || 3
+ 1017, -01),8 | % (11)

Hirp vee FERHEBE ) ] AL, @ 7R Kronecker B, I; ®
AERM ZZIESE X AT TS i
X~ UEV" (12)
Hor ye R EER, VER/ ] EV' F1 U"A %
PR (L) g X R A X TR HT G A9 1) A
rank([;QA) = rank(I,® UA) = 1] (13)
XRIEAT A% 23 [ A 55 5 W) 20, 1] UE Fn SV &0
RS X 1S WAl ATHY.
e 2w T 2,3,5 A TE 6 Akl
RO, TR G AT A B RS A i T RRAR S A ) AL, HOR
R .
S = FoWs (14)

Hrp

Fg=((U'A)"(U'A") + pgl ;) !

Wy = (UTA)"(EV") + pi5(s' + df)

Fo= (SIS V)T + (Ary + ) 1) 7!
W,=(UE)(S*'V)"+ py(a + dy) + 2 (t A, - G)
(), FRPFEEAE(Y x=0,(x), =x;x<0,(x), =0),

T T 4t

o B e B
o1y, o1,

4 LWESH

4.1 FEBIEXE

TEAT R FAT TR 7 B Ik P g A
SCER A B (TR FR 8 ADMMVC, ADMM for MVC) $45
P e/ INMAS B 1 b A (i T 8058 6 B2 125 19 MVCNMIF
(ffj32h PGMVC) #l SISAL) . 1 F* SISAL H e M £ 4 o
KARuR TG, FA T R AL B 2 RGP
B8 2,3,4), LI A 42

15 ELAS A B LSMM A= 5. 51 DA S5 [t J5 0 2 )
(United States Geological Survey, USGS) %ﬁz?ﬁ‘ﬁi%ﬁ?m 28]
BEAILERE 6 ZGIEAE oo M ARG 74— R IR
M Dirichlet #2525 B pR 00951 1) &, BRI i o RoT &R
BT 0.8 ) i (RIS BREEAZTT) , BEREF T [ £ H (1)
2000 NZH B 4 S 5 fieJim >R T oo 30 22 B 1 1 Mg A A Dy
RZH M . 2 UAE M Lt (Signal to Noise Ratio, SNR)

SNR = 10log( || X || %/(L-1-6%)) (19)

Horp o g J7 22 g AR B[R] B SCRTIA .

TR A5 O6 % 2 E] A AEARLEE , 51 A OGS £ BE
#F25 (Spectral Angle Distance, SAD)

ata.
SAD( a],a",) = ‘dI’CCOS( H a, H R H ﬁ] H 2) (20)

ot a, g, SRR TG . R R Jr i 2
(Root Mean Square Error, RMSE) & FE 1 3= B 2 £ 19 i i
KR

RMSE(s;,8) =/ (/D)) (55— 507 (21)
Hrr s, 8 43 5 = EEAVE TR B
FRATI 3 P A 2 56 ok A SRk 1 1 e L AR I K B
IS FLEE 43 AT, ADMMVC IS5 B H:r = 1074, @
=0.5,8 =10, py = pg = 1. XF F 5340 B A FHF HLAR IO 5
%, PGMVC I S 844 IR STk [4 13 B, SISAL 19 2 544 IR
SCHR[8 T B . e Ak, S5 Hh Y s A R R (ECR 0 J2
100 YR AL K ) - 34 245



3 M

XL BT 2 AR SR I 0 A 1) R G R R R DR 3 435

S SR 0 15 AL AE 14 2558 A Intel Xeon CPU
3.33GHz.NAF 12.0GB, #4335 >4 Microsoft Windows 7 .
MATLAB 7.10.

4.1.1 =¥ 1

XA S 36 v FR AT 278 R 45 Lk 2R A, ke ik
BANTE RIS RE . 9256 R F G 75 5 2 30dB F %K
I, 7E SAD FR 5 ERE B () I I3 BT 1(a) S
AN IR B [R)RS BE - s AT ] 1 1(h) 28
TR R BN [RIR BE YR 4 HE . SISAL B A K
HEE R (R HOAS R AR A i WA B2 X T 3 b A T
ARG 23 i BRI , B SRR B RO 4R v, 45 AT 2
PR (i) 3 6 328 T 38 I, 1 PGMVC 75 22 8 2 (9 B[] . L
BN R R [RDRS B 69 @ 43 LL AT, ADMMVC /]
PIRAS B i RS JEE

10
ol
6 [
@
=
=l
2 -
00 2 4‘ 6 é 10
SAD
(a) ISR
100 Z/E,,"
80
X 60
X
KR
Lies —s— ADMMVC
—e PGMVC
2ol —+— SISAL
00 ‘5 4 é 8‘ 10
SAD
(b) HorH

Bl RENEET &K

4.1.2 2

FEIXA S H AT ol A8 M 7S 1 iR R o T A
ST R PR BE . SE I 43 SR TR S SR BE O 20dB
25dB.30dB.35dB . 40dB FIJC M B Bt . 18 2 25 8 T A%
AL SAD Hil RMSE (2R 1R 1% 00 . Bl SNR 1 RIS, 4%
AR BUR A ZE WL 72 AE =R, ADMMVC 5
A4 A AETCMR A I, SISAL 45 5 5 1 . AN [ Mg 2 i
FEF, ADMMVC 11 45 S #R L F PCMVC. Fifi 25 1§ 75 (1) 384
T, SISAL 57 W 75 [ 5% il - ™
4.2 LPREUIELIE

R T A B AR SO ) SE PR N R SCR AR

15
—a— ADMMVC
—s— PGMVC
—— SISAL
10}
a
<
175}
5 [
0 .
20 25 30 35 40 inf
SNR
a) SAD
0.16 @
) —=— ADMMVC
O] —— PGMVC
012} —— SISAL
@ 047
2 o8|
1]
E 006l
0.04}
0.02}

% 25 30 35 0 inf

SNR
(b) RMSE

B2 FFERERET &N EER R

R i M BT 5 R B2 3256 (Hyperspectral Digital Tm-
agery Collection Experiment, HYDICE) F 1995 4= 10 H #HL
BRI T R RS B s (FT AN hetp: //www. tec . army . mil/Hy-
percube " #8) #EATHEIEPEREM X 2 B I A 210 K
B, ik oy B s 8] 3 B R 23 53 09 10nm Al 2m, [E1%
KN 307 x 307 . Hoth DX A T 5% [ 4 5 5 307 1) 72
BFIT , DXIPN 2 204 ol REOR B R L E % L T S
Y. B3 o =AM B (BB 0090 0 12,99, 171) 43 18 Y
JRPE G, AR FRATTAT L2 % 1 ok 26 3= g 3t . 3 )L
AEZ K Y2 AR T G AR R B g

HYDICE}, T $3% i1 % 5 B 4

TERRIRZ T, 25 B8 18 L 52 7K Y5 I W 75 52 1) (1) I
B (I BE5 M 14,76,87,101 ~ 111,136 ~ 153,198 ~ 210),
2R T 162 A4 B 95 . ADMMVC () F B2 4521
N 4 BRI E A IRFFE et il DU A X 46 3%
JURE I LA oA Tk — A Al e S PR R, FRATTE
N-FINDER M i A T 7 2 3 B T 33X SE 3 0G4
SN IR R S e Z g MA . =4



436 H +

Tk JGTE A R E B L INEE 1 B ] LUE H, ADM-

El4 ADMMVCHI £ E %
#z 1 HYDICE WHEEM XL AL

ADMMVC PGMVC SISAL
Y 0.2901 0.6853 0.2411
IH fi% 0.4164 0.6557 0.2252
R T5 0.3275 0.3005 0.3355
RiA 0.2672 0.1051 0.4471
et 0.4869 0.3200 1.9218
¥y 0.3576 0.4133 0.6341

2 2013 4f:
5 it

AT T —FhEE T2 AR TR B 20 09 R
PG IR 50k . i 1 BUAT 2 A 9700 e o fifp B 1%
FRIE TG R, U SO B SR ARG B AN AR
SEVEA 542 5. D e, A7 15 B B 1 d /MR R 24
W T — P TS U5 1) 3R Uk AR T 2 R
TR R 0 AEBTH SR I R, DAL T R/ MAER
LRI, IR A S 03 A A A% 5 TR Dy LS
AR SCRR H B3 5 A B T B I A AT L
REASHE M TERE . 73 A0, N T B /MR RR 12 12 ik
R T R4 BT YERE . 20 R TP P, %
AL RE U RO ZE R (EARE B, BARAS SCALEE
X/ MR G BT T PR 5k, (H e 2R Tl R
FAASCBETH 7 DR SR fie

S 30k

[1] Tordache M D, Bioucas-dias J M, Plaza A. Sparse unmixing of
hyperspectral data[J]. IEEE Transactions on Geoscience and
Remote Sensing,2011,49(6) :2014 — 2039.

(2] BTG , JELAR, AXNBAT , Bl . ik 0 G ] d ALY s D't 5
BIRGBOT R[] . AL T2441,2010,38(12) : 2751 - 2756.
Yang Guo-peng, Zhou Xin, Yu Xu-chu, Chen Wei. Relevance
vector machine for hyperspectral imagery unmixing[ J]. Acta
Electronica Sinica,2009,37(9) :2016 — 2023. (in Chinese)

[3] Settle J J, Drake N A. Linear mixing and the estimation of
ground cover proportions[ J]. International Journal of Remote
Sensing,1993,14(6) : 1159 - 1177.

[4] Miao L, Qi H. Endmember extraction from highly mixed data

using minimum volume constrained nonnegative matrix factor-

ization[ J| . IEEE Transactions on Geoscience and Remote Sens-

ing,2007,45(3) :765 - 777.

Winter M E. N-FINDR: An algorithm for fast autonomous

spectral end-member determination in hyperspectral data[ A].

Proc SPIE Image Spectrometry V [C].USA:SPIE, 1999. 266

-277.

Nascimento J M P, Bioucas-dias J] M. Vertex component analy-

sis: A fast algorithm to unmix hyperspectral data[J]. IEEE

Transactions on Geoscience and Remote Sensing,2005,43(4) :

898 - 910.

[7] Jun L, Bioucas-dias J M. Minimum volume simplex analysis: A

(5

[—

(6

—

fast algorithm to unmix hyperspectral data[ A].IEEE Interna-
tional Geoscience and Remote Sensing Symposium, IGARSS
[C].Boston: IEEE,2008.250 — 253.

[8] Bioucas-dias ] M. A variable splitting augmented Lagrangian
approach to linear spectral unmixing[ A] . Workshop on Hyper-
spectral Image and Signal Processing: Evolution in Remote



3 M

XL BT 2 AR SR I 0 A 1) R G R R R DR 3 437

Sensing , WHISPERS[ C] . Grenoble : IEEE,2009.1 — 4.

[9] Lee D D, Seung H S. Learning the parts of objects by nonnega-
tive matrix factorization[ J]. Natures, 1999, 401 (6755) : 788 —
791.

[10] Lin C J. Projected gradient methods for nonnegative matrix
factorization[ J] . Neural Computation. 2007, 19(10) :2756 —
2779.

[11] Gabay D,Mercier B. A dual algorithm for the solution of non-
linear variational problems via finite element approximations
[J].Comp and Math Appl,1976,2(1) : 17 - 40.

[12] Zhang Y. An alternating direction algorithm for nonnegative
matrix factorization[ R]. Houston: Department of Computa-
tional and Applied Mathematics, Rice University,2010.

[13] Clark R N,US. The US Geological Survey, Digital Spectral Li-
brary| DB/OL ] . http: //speclab. cr. usgs. gov/ ,2007-09-25.

[14] Guo Z, Wittman T, Osher S.L1 unmixing and its application
to hyperspectral image enhancement[ A]. Proc SPIE Confer-
ence on Algorithms and Technologies for Multispectral, Hy-
perspectral and Ultraspectral Imagery XV [ C]. Florida: SPIE,
2009.73341M-73341M9.

fEE "I

XEE 55,1987 4EA UL/ Ra il . g o 2
TRAFEMN R A W57 A G
pUSLIN
E-mail; livofficial @ 163 . com

REW(BREE) 55,1981 F4E THIL
BUM . R BB LR A SN R BRI D7 )
HEAABLSE 5 RGO FL 1 i Bk B A i
o

E-mail : zebin. wu @ gmail . com

EEE P93 FAETILHMER. MR T RFTREILRH
B A S RS Ry T AR S 18 o R T S PR A% Ak
FH TR0 B9 7 B SRS S K A

E-mail : gswei @ mail . njust. edu. cn



